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SET-THEORETIC YANG-BAXTER (CO)HOMOLOGY THEORY OF
INVOLUTIVE NON-DEGENERATE SOLUTIONS
JO´ZEF H. PRZYTYCKI, PETR VOJTEˇCHOVSKY´, AND SEUNG YEOP YANG
Abstract. W. Rump showed that there exists a one-to-one correspondence between involutive
right non-degenerate solutions of the Yang-Baxter equation and Rump right quasigroups. J. S.
Carter, M. Elhamdadi, and M. Saito, meanwhile, introduced a homology theory of set-theoretic
solutions of the Yang-Baxter equation in order to define cocycle invariants of classical knots. In
this paper, we introduce the normalized homology theory of an involutive right non-degenerate
solution of the Yang-Baxter equation and prove that the set-theoretic Yang-Baxter homology of
certain solutions can be split into the normalized and degenerated parts.
1. Introduction
For a given set X, a set-theoretic solution of the Yang-Baxter equation is a function R : X×X →
X ×X satisfying the following equation
(R× IdX)(IdX ×R)(R × IdX) = (IdX ×R)(R × IdX)(IdX ×R),
where IdX is the identity map on X. A solution R is said to be left non-degenerate if R1(x,−)
is bijective for every x ∈ X and right non-degenerate if R2(−, y) is bijective for every y ∈ X,
where R(x, y) = (R1(x, y), R2(x, y)). We call R non-degenerate if both R1(x,−) and R2(−, y) are
bijective. A solution R is said to be involutive if R2 = IdX×X .
A magma (X, ·) is a set X equipped with a binary operation · : X → X. A magma (X, ·) is
called a left quasigroup if all its left translations lx : X → X, y 7→ xy are permutations, and a
right quasigroup if all its right translations rx : X → X, y 7→ yx are permutations. A magma
that is both left quasigroup and right quasigroup will be called latin or a quasigroup. In a right
quasigroup, we denote r−1y (x) by x/y. A right quasigroup is called a Rump right quasigroup or a
cycle set if it satisfies the following identity
(zx)(yx) = (zy)(xy). (1.1)
The above identity was first studied by Bosbach [Bos] and Traczyk [Tra]. Rump [Rum] showed the
importance of this algebraic structure by constructing a relationship between it and an involutive
non-degenerate set-theoretic solution of the Yang-Baxter equation.
Theorem 1.1. [Rum] For a given set X, we let R : X ×X → X×X be a map. There is a one-to-
one correspondence between involutive right non-degenerate solutions of the Yang-Baxter equation
on X and Rump right quasigroups on X, namely
R 7→ (X, ·), xy = R2(−, y)
−1(x); (X, ·) 7→ R, R(x, y) = (y(x/y), x/y).
In the theory of general Yang-Baxter operators, the operators satisfying quadratic equation
R2 = xR+ yIdX are of special value because, as shown by Jones, they lead to Jones and Homflypt
polynomial invariants of knots and links (see [Jon, Tur]). For example, column unital Yang-Baxter
operators (e.g. stochastic matrices) were discussed in [PW]. In the set-theoretic world two special
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cases remain: R2 = IdX and R
2 = R (the involutory case is discussed in this paper and the
idempotent is discussed in [SV]).
Carter, Elhamdadi, and Saito[CES] introduced a homology theory of set-theoretic solutions
of the Yang-Baxter equation, and defined cocycle knot invariants in a state-sum formulation.
This theory is generalized and modified to obtain invariants of virtual links[CN] and handlebody-
links[IIKKMO], etc.
We investigate basic notions and properties of Rump quasigroups in Section 1.1. In Section 2,
we introduce the normalized homology theory of an involutive non-degenerate solution of the Yang-
Baxter equation. We also show that set-theoretic Yang-Baxter homology groups of a certain family
of solutions split into normalized and degenerate parts. In Section 3, we explain how the cocycles of
normalized set-theoretic Yang-Baxter cohomology groups can be used to define invariants of links
of codimension two.
1.1. Preliminaries. A magma (X, ·) is said to be uniquely 2-divisible if the squaring function
x 7→ x2 is bijective and is said to be ∆-bijective if the function ∆ : X ×X → X × X defined by
∆(x, y) = (xy, yx) is bijective. It is easy to check that every bijective magma is uniquely 2-divisible.
Rump remarked on basic properties of Rump quasigroups.
Proposition 1.2. [Rum]
(1) Every uniquely 2-divisible Rump right quasigroup is ∆-bijective.
(2) Every finite Rump right quasigroup is uniquely 2-divisible.1
(3) A Rump right quasigroup is uniquely 2-divisible if and only if the corresponding solution is
non-degenerate.
Racks and quandles, which are well-known set-theoretic solutions of the Yang-Baxter equation,
are non-associative algebraic structures satisfying axioms motivated by the Reidemeister moves.
The precise definitions are as follows. A rack is a set X with a binary operation ∗ : X ×X → X
such that:
(1) (Right self-distributivity) For every a, b, c ∈ X, (a ∗ b) ∗ c = (a ∗ c) ∗ (b ∗ c).
(2) (Invertibility) For each b ∈ X, the map ∗b : X → X given by ∗b(x) = x ∗ b is bijective.
If a rack (X, ∗) satisfies the idempotency, i.e., for every a ∈ X we have a ∗ a = a, then we call it a
quandle. We can obtain basic examples of racks and quandles using cyclic groups. We denote the
cyclic group of order n by Zn.
(1) We call Zn with the operation i ∗ j = i + 1 (mod n) the cyclic rack of order n and denote
it by Cn.
(2) Zn with the operation i ∗ j = 2j − i (mod n) is called the dihedral quandle of order n,
denoted by Rn.
(3) A moduleM over the Laurent polynomial ring Z[t±1] with the operation a∗b = ta+(1− t)b
is called an Alexander quandle.
It is easy to check that every cyclic rack is a Rump right quasigroup. In order for an Alexander
quandle M to become a Rump right quasigroup, all elements of M have to be annihilated by
(1− t)2:
Proposition 1.3. Let M be an Alexander quandle. Then M is a Rump right quasigroup if and
only if (1− t)2 annihilates all elements of M.
1See [BKSV] for a short proof.
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Proof. Note that for all x, y, z ∈M :
(z ∗ x) ∗ (y ∗ x) = (z ∗ y) ∗ (x ∗ y)
⇔ (tz + (1− t)x) ∗ (ty + (1− t)x) = (tz + (1− t)y) ∗ (tx+ (1− t)y)
⇔ (1− t)2x = (1 − t)2y
⇔ (1− t)2(x− y) = 0.

Similarly, one can check that the dihedral quandle Rn is a Rump right quasigroup if and only if
n divides 4, i.e., only R4 is a non-trivial dihedral quandle which is also a Rump right quasigroup.
Let (G,+) be an abelian group. For given endomorphisms φ,ψ of (G,+) and c ∈ G, we define
the binary operation x∗y = φ(x)+ψ(y)+ c. The magma (G, ∗) is said to be affine over (G,+) and
is denoted by Aff(G,φ, ψ, c). Note that Aff(G,φ, ψ, c) forms a right quasigroup (resp., quasigroup)
if and only if φ ∈ Aut(G,+) (resp., φ,ψ ∈ Aut(G,+)).
Denote by Fq the finite field of order q and note that the automorphism group of (F
n
q ,+) is the
general linear group GLn(q). A class of affine Rump quasigroups was obtained in [BKSV] from
invertible matrices A, B satisfying [A,B] = A2. Table 1 gives a multiplication table of the affine
Rump quasigroup Aff(F22,
(1 0
1 1
)
,
(0 1
1 0
)
,
(0
0
)
), and Table 2 gives a multiplication table of the affine
Rump quasigroup Aff(F24,
( 0 u
u2 0
)
,
(0 1
1 0
)
,
(0
0
)
), where u is a primitive element of F4. Neither of the two
Rump quasigroups is a rack.
Table 1. An affine Rump quasigroup of order 4 [BKSV]
∗ 1 2 3 4
1 1 3 2 4
2 2 4 1 3
3 4 2 3 1
4 3 1 4 2
2. Normalized set-theoretic Yang-Baxter (co)homology of Rump quasigroups
Given a set X, we let R : X×X → X×X be a solution of the set-theoretic Yang-Baxter equation
on X. Consider two maps µ, ν : X ×X → X defined by µ(x, y) = R2(x, y) and ν(x, y) = R1(x, y),
where R(x, y) = (R1(x, y), R2(x, y)). Let C
Y B
n (X) be the free abelian group generated by n-tuples
(x1, . . . , xn) of elements of X. Let us define an n-dimensional boundary homomorphism ∂
Y B
n :
CY Bn (X) → C
Y B
n−1(X) by
n∑
i=1
(−1)i+1(dli,n − d
r
i,n), where the two face maps d
l
i,n, d
r
i,n : C
Y B
n (X) →
CY Bn−1(X) are given by
dli,n = (µ × Id
×(n−2)
X ) ◦ (IdX ×R× Id
×(n−3)
X ) ◦ · · · ◦ (Id
×(i−2)
X ×R× Id
×(n−i)
X ),
dri,n = (Id
×(n−2)
X × ν) ◦ (Id
×(n−3)
X ×R× IdX) ◦ · · · ◦ (Id
×(i−1)
X ×R× Id
×(n−i−1)
X ).
Since ∂Y Bn−1 ◦∂
Y B
n = 0, C
Y B
∗ (X) := (C
Y B
n (X), ∂
Y B
n ) forms a chain complex. Note that the face maps
defined above can be illustrated as Figure 1. See [Prz, Leb] for further details.
For a given abelian group A, the yielded homology and cohomology groups HY B∗ (X;A) and
H∗Y B(X;A) are called the set-theoretic Yang-Baxter homology and cohomology groups of X with
coefficients in A. See [CES] for details.
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Figure 1. Diagrammatic interpretation of Yang-Baxter face maps
For a Rump right quasigroup X, we let R : X × X → X ×X be the map given by R(x, y) =
(y(x/y), x/y). Then R is a set-theoretic solution of the Yang-Baxter equation by Theorem 1.1.
Consider the subgroup CDn (X) of C
Y B
n (X) defined by
CDn (X) = span{s
Y B
1,n (C
Y B
n−1(X)), s
Y B
2,n (C
Y B
n−1(X)), . . . , s
Y B
n−1,n(C
Y B
n−1(X))},
where sY Bi,n : C
Y B
n−1(X)→ C
Y B
n (X) are the degeneracy maps given by
sY Bi,n (x1, . . . , xn−1) = (x1, . . . , xi−1, xixi, xi, xi+1, . . . , xn−1)
if n ≥ 2, otherwise we let CDn (X) = 0.
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Before we prove that the degenerate chain groups defined above form a sub-chain complex of
the set-theoretic Yang-Baxter chain complex, let us consider the following identities needed in the
proof.
Lemma 2.1. For a Rump right quasigroup X, the following identities hold for all x, y ∈ X:
(1) (xx)(y/(xx)) = (x((y/(xx))/x))(x((y/(xx))/x)),
(2) (xx)(y(x/y)) = (x/y)(x/y).
Proof. (1) Let x, y ∈ X. Then
(x((y/(xx))/x))(x((y/(xx))/x)) = (xx)(((y/(xx))/x)x) by the right Rump identity
= (xx)(y/(xx)).
(2) For every x, y ∈ X, we have
(x/y)(x/y) = (((x/y)(x/y))(y(x/y)))/(y(x/y))
= (((x/y)y)((x/y)y))/(y(x/y)) by the right Rump identity
= (xx)(y(x/y)).

Theorem 2.2. Let X be a Rump right quasigroup. Then (CDn (X), ∂
Y B
n ) forms a sub-chain complex
of (CY Bn (X), ∂
Y B
n ).
2General degeneracies in homology of non-degenerate set-theoretic solutions of the Yang-Baxter equation and
criteria to obtain simplicial modules, which do not apply to our case, were discussed in [LV].
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Proof. Suppose that X is a Rump right quasigroup. Let x = (x1, . . . , xi−1, xixi, xi, xi+2, . . . , xn) ∈
CDn (X). It suffices to show that ∂
Y B
n (x) =
n∑
j=1
(−1)j+1(dlj,n − d
r
j,n)(x) ∈ C
D
n−1(X).
To show this we demonstrate that for ε = l or r, we have:

dεj,n(x) ∈ s
Y B
i,n (C
Y B
n−1(X)) if j > i;
dεj,n(x) ∈ s
Y B
i−1,n(C
Y B
n−1(X)) if j < i;
dεi,n(x) = d
ε
i+1,n(x).
Denote by y the (i−1)-th coordinate of (Id
×(i−3)
X ×R×Id
×(n−i+1)
X )◦· · ·◦(Id
×(j−1)
X ×R×Id
×(n−j−1)
X )(x)
and by z the (i+2)-th coordinate of (Id
×(i+1)
X ×R× Id
×(n−i−3)
X ) ◦ · · · ◦ (Id
×(j−2)
X ×R× Id
×(n−j)
X )(x).
Suppose that j < i. Then dlj,n(x) = (. . . , xixi, xi, . . .) ∈ C
D
n−1(X) (see Figure 2 (i)). Moreover, by
Lemma 2.1 (1), we can check that
drj,n(x) = (. . . , (xixi)(y/(xixi)), (xi((y/(xixi))/xi)), . . .)
= (. . . , (xi((y/(xixi))/xi))(xi((y/(xixi))/xi)), (xi((y/(xixi))/xi)), . . .)
also belongs to CDn−1(X) (see Figure 2 (v)).
Similarly, if we assume that j > i+ 1, then by Lemma 2.1 (2),
dlj,n(x) = (. . . , (xixi)/(z(xi/z)), xi/z, . . .) = (. . . , (xi/z)(xi/z), xi/z, . . .) ∈ C
D
n−1(X)
(see Figure 2 (iv)) and, moreover, drj,n(x) = (. . . , xixi, xi, . . .) ∈ C
D
n−1(X) (see Figure 2 (viii)).
We now only need to consider the cases in which j is equal to i or i + 1. We see that the images
of x under dli,n and d
l
i+1,n are the same (i.e., d
l
i,n(x) = (. . . , xi−1/(xixi), xi, . . .) = d
l
i+1,n(x), see
Figure 2 (ii) and (iii)). Similarly, dri,n(x) = (. . . , xixi, xi+2(xi/xi+1), . . .) = d
r
i+1,n(x). See Figure
2 (vi) and (vii). That means (−1)i+1(dli,n − d
r
i,n)(x) + (−1)
i+2(dli+1,n − d
r
i+1,n)(x) = 0, therefore,
∂Y Bn (x) =
n∑
j=1
(−1)j+1(dlj,n − d
r
j,n)(x) ∈ C
D
n−1(X) as desired. 
... ...
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 xi xi    xi+2(xi / xi+2) 
xi / xi+2
z
(xi xi)(y / (xi xi))     xi ((y / (xi xi)) / xi)  
y
xi-1 / (xi xi)     xi
(xi xi)(xi-1 / (xi xi))
xi xi     xi
xi xi     xi xi xi     xi
xi xi     xi
xi xi     xi xi-1 / (xi xi)   xi
(xi xi)(xi-1 / (xi xi))
(xi xi) / (z(xi / z))         xi / z
 xi xi    xi+2(xi / xi+2) 
xi / xi+2
Figure 2. ∂Y Bn (C
D
n (X)) ⊂ C
D
n−1(X)
We callHDn (X;A) = Hn(C
D
∗ (X;A)) andH
n
D(X;A) = H
n(C∗D(X;A)) the degenerate set-theoretic
Yang-Baxter homology and cohomology groups of X with coefficients in A.
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We now let CNYBn (X) = C
Y B
n (X)/C
D
n (X), and define the quotient chain complex C
NYB
∗ (X) :=
(CNYBn (X), ∂
NY B
n ), where ∂
NY B
n is the induced homomorphism.
For an abelian group A, we define the chain and cochain complexes
CNYB∗ (X;A) := C
NYB
∗ (X)⊗A, ∂
NY B := ∂NY B ⊗ IdA;
C∗NYB(X;A) := Hom(C
NYB
∗ (X), A), δNY B := Hom(∂
NY B , IdA).
Definition 2.3. Let X be a Rump right quasigroup and A an abelian group. Then the following
homology group and cohomology group
HNY Bn (X;A) = Hn(C
NYB
∗ (X;A)), H
n
NY B(X;A) = H
n(C∗NY B(X;A))
are called nth normalized set-theoretic Yang-Baxter homology group and the nth normalized set-
theoretic Yang-Baxter cohomology group of X with coefficient group A.
In a way similar to the idea shown in [LN, NP], we prove that the set-theoretic Yang-Baxter
homology groups of certain solutions can be split into the normalized and degenerated parts.
For each n, we consider the homomorphism κn : C
Y B
n (X)→ C
Y B
n (X) defined by
κn(x) = (x1 − x2x2)⊗ (x2 − x3x3)⊗ · · · ⊗ (xn−1 − xnxn)⊗ xn
and extending linearly to all elements of CY Bn (X). It is easy to see that IdCY Bn (X)−κn : C
Y B
n (X)→
CDn (X) is a section for the short exact sequence of chain complexes 0 → C
D
∗ (X) → C
Y B
∗ (X) →
CNYB∗ (X) → 0 (i.e., it is a split short exact sequence) and the short exact sequence stretches out
to a long exact sequence of homology groups
· · · → HNY Bn+1 (X)→ H
D
n (X)→ H
Y B
n (X)→ H
NY B
n (X)→ H
D
n−1(X)→ · · · .
Lemma 2.4. For a cyclic rack X, the sequence κ∗ of the homomorphisms κn : C
Y B
n (X)→ C
Y B
n (X)
is a chain map.
Proof. Let X be a cyclic rack. SinceX is a Rump right quasigroup, we can obtain the corresponding
solution of the Yang-Baxter equation R : X ×X → X ×X defined by R(x, y) = (y + 1, x − 1) by
Theorem 1.1. We prove that ∂Y Bn ◦ κn = κn−1 ◦ ∂
Y B
n for n ≥ 2 inductively.
For n = 2, ∂Y B2 ◦ κ2((x1, x2)) = ∂
Y B
2 ((x1, x2) − (x2x2, x2)) = ∂
Y B
2 ((x1, x2)) = κ1 ◦ ∂
Y B
2 ((x1, x2)).
We denote by ∂ln =
n∑
j=1
(−1)j+1dlj,n, ∂
r
n =
n∑
j=1
(−1)j+1drj,n, and x = (x1, . . . , xn). Note that ∂
Y B
n =
∂ln − ∂
r
n. Suppose that the statement is true for some n ≥ 2. More precisely, we assume that
∂ln ◦ κn = κn−1 ◦ ∂
l
n and ∂
r
n ◦ κn = κn−1 ◦ ∂
r
n. Then we have
∂ln+1 ◦ κn+1(y ⊗ x) = ∂
l
n+1(y ⊗ κn(x)− (x1x1)⊗ κn(x))
= κn(x)− (y − 1)⊗ ∂
l
n(κn(x))− κn(x) + (x1x1 − 1)⊗ ∂
l
n(κn(x))
= κn(x)− κn(x)− ((y − 1)− x1)⊗ ∂
l
n(κn(x))
= κn(x)− (x1 − x2x2)⊗ κn−1(x2, . . . , xn)− ((y − 1)− (x1 − 1)
2)⊗ κn−1(∂
l
n(x))
= κn(x) + ((y − 1)− (x1 − 1)
2 − (y − 1) + x2x2)⊗ κn−1(x2, . . . , xn)
− ((y − 1)− (x1 − 1)
2)⊗ κn−1(∂
l
n(x))
= κn(x)− κn((y − 1)⊗ ∂
l
n(x))
= κn ◦ ∂
l
n+1(y ⊗ x)
6
and
∂rn+1 ◦ κn+1(y ⊗ x) = ∂
r
n+1((y − x1x1)⊗ κn(x))
= dr1,n+1((y − x1x1)⊗ κn(x))− (y − x1x1)⊗ (∂
r
n ◦ κn(x))
= −(y − x1x1)⊗ (κn−1 ◦ ∂
r
n(x))
= −(y − x1x1)⊗ (κn−1 ◦ ∂
r
n(x)) + κn(x1 + 1, x2 + 1, . . . , xn + 1)
− ((x1 + 1)− y + y − (x2 + 1)(x2 + 1))⊗ κn−1(x2 + 1, . . . , xn + 1)
= κn(d
r
1,n+1(y ⊗ x)− y ⊗ ∂
r
n(x))
= κn ◦ ∂
r
n+1(y ⊗ x).
Therefore, ∂Y Bn+1 ◦ κn+1 = κn ◦ ∂
Y B
n+1 as desired. 
Theorem 2.5. Let X be a cyclic rack. Then the set-theoretic Yang-Baxter homology of X splits
into the normalized and degenerate parts, that is
HY B∗ (X) = H
NYB
∗ (X)⊕H
D
∗ (X).
Proof. By Lemma 2.4, IdCY Bn (X)−κn : C
Y B
n (X)→ C
D
n (X) is a chain map. Then the composition of
the mapHDn (X)→ H
Y B
n (X) and the homomorphism induced from IdCY Bn (X)−κn forms the identity
map on HDn (X). Therefore, by the splitting lemma, we have H
Y B
∗ (X) = H
NYB
∗ (X)⊕H
D
∗ (X). 
Example 2.6. Table 3 summarizes some computational results on (normalized) set-theoretic Yang-
Baxter homology groups. Here, C4 is the cyclic rack of order 4, R4 is the dihedral quandle of order
4, X4 is the affine Rump quasigroup Aff(F
2
2,
(1 0
1 1
)
,
(0 1
1 0
)
,
(0
0
)
) (depicted in Table 1), and X16 is the
affine Rump quasigroup Aff(F24,
( 0 u
u2 0
)
,
(0 1
1 0
)
,
(0
0
)
), where u is a primitive element of F4 (depicted in
Table 2).
Table 2. An affine Rump quasigroup of order 16 [BKSV]
∗ 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
1 1 5 9 13 2 6 10 14 3 7 11 15 4 8 12 16
2 9 13 1 5 10 14 2 6 11 15 3 7 12 16 4 8
3 13 9 5 1 14 10 6 2 15 11 7 3 16 12 8 4
4 5 1 13 9 6 2 14 10 7 3 15 11 8 4 16 12
5 4 8 12 16 3 7 11 15 2 6 10 14 1 5 9 13
6 12 16 4 8 11 15 3 7 10 14 2 6 9 13 1 5
7 16 12 8 4 15 11 7 3 14 10 6 2 13 9 5 1
8 8 4 16 12 7 3 15 11 6 2 14 10 5 1 13 9
9 2 6 10 14 1 5 9 13 4 8 12 16 3 7 11 15
10 10 14 2 6 9 13 1 5 12 16 4 8 11 15 3 7
11 14 10 6 2 13 9 5 1 16 12 8 4 15 11 7 3
12 6 2 14 10 5 1 13 9 8 4 16 12 7 3 15 11
13 3 7 11 15 4 8 12 16 1 5 9 13 2 6 10 14
14 11 15 3 7 12 16 4 8 9 13 1 5 10 14 2 6
15 15 11 7 3 16 12 8 4 13 9 5 1 14 10 6 2
16 7 3 15 11 8 4 16 12 5 1 13 9 6 2 14 10
Note that for the dihedral quandle of order 4, its rack/quandle homology groups do not contain
Z4-torsion, while its set-theoretic/normalized set-theoretic Yang-Baxter homology groups do.
Conjecture 2.7. The set-theoretic Yang-Baxter homology of any Rump right quasigroup splits into
the normalized and degenerate parts.
7
Table 3. (Normalized) set-theoretic Yang-Baxter homology groups
n 1 2 3 4 5
HY Bn (C4) Z⊕ Z4 Z
4
Z
16 ⊕ Z4 Z
64
Z
256 ⊕ Z4
HDn (C4) 0 Z Z
7
Z
37
Z
175
HNY Bn (C4) Z⊕ Z4 Z
3
Z
9 ⊕ Z4 Z
27
Z
81 ⊕ Z4
HY Bn (R4) Z
2 ⊕ Z2 Z
6 ⊕ Z2 Z
20 ⊕ Z32 ⊕ Z4 Z
72 ⊕ Z72 ⊕ Z4 Z
272 ⊕ Z172 ⊕ Z
2
4
HDn (R4) 0 Z
2
Z
10 ⊕ Z22 Z
44 ⊕ Z62 Z
190 ⊕ Z162
HNY Bn (R4) Z
2 ⊕ Z2 Z
4 ⊕ Z2 Z
10 ⊕ Z2 ⊕ Z4 Z
28 ⊕ Z2 ⊕ Z4 Z
82 ⊕ Z2 ⊕ Z
2
4
HY Bn (X4) Z⊕ Z2 Z
3 ⊕ Z2 Z
10 ⊕ Z22 Z
36 ⊕ Z32 ⊕ Z4 Z
136 ⊕ Z52
HDn (X4) 0 Z Z
5
Z
22 ⊕ Z2 Z
95 ⊕ Z22
HNY Bn (X4) Z⊕ Z2 Z
2 ⊕ Z2 Z
5 ⊕ Z22 Z
14 ⊕ Z22 ⊕ Z4 Z
41 ⊕ Z32
HY Bn (X16) Z⊕ Z
3
2 Z
10 ⊕ Z62 ⊕ Z
3
4 Z
136 ⊕ Z302 ⊕ Z4
HDn (X16) 0 Z Z
19
HNY Bn (X16) Z⊕ Z
3
2 Z
9 ⊕ Z62 ⊕ Z
3
4 Z
117 ⊕ Z302 ⊕ Z4
3. Cocycle link invariants obtained from the normalized set-theoretic
Yang-Baxter homology
Biquandles[FRS, KR] can be used to construct cocycle invariants of knots and links[CES]. For
a given Rump right quasigroup X, we consider the corresponding involutive right non-degenerate
solution R(x, y) = (y(x/y), x/y). If it is also left non-degenerate, then the algebraic structure
(X, ∗1, ∗2) equipped with two binary operations ∗1, ∗2 on X defined by x∗1 y = y(x/y) and x∗2 y =
x/y becomes a biquandle. We can, therefore, use finite Rump right quasigroups to define cocycle
link invariants as Carter, Elhamdadi, and Saito[CES] did, and moreover higher dimensional cocycles
are expected to be used to construct invariants of higher dimensional knots. See [PR] for further
details. For 3-dimensional links, a detailed construction is as follows.
Let DL be an oriented link diagram of a given oriented link L, and let R be the set of all
semiarcs of DL. Given a finite Rump right quasigroup X, the map CDL : R → X satisfying the
relation depicted in Figure 3 at each crossing of DL is said to be a Rump quasigroup coloring of a
link diagram DL by X.
Suppose that X is a finite Rump right quasigroup. Let ϕ be a 2-cocycle of C2NY B(X;A) with
coefficients in an abelian group A. For a given Rump quasigroup coloring CDL , a Boltzmann weight,
denoted by Bϕ(CDL), associated with ϕ is defined as follows. We assign the weight ε(τ)ϕ(x, y) for
each crossing τ, where ε(τ) = 1 or −1 if τ is a positive crossing or a negative crossing, respectively
and x and y denote the colors of the semiarcs as depicted in Figure 3. The Boltzmann weight
Bϕ(CDL) is then defined by Bϕ(CDL) =
∑
τ
ε(τ)ϕ(x, y).
We now consider the value Φ(L) =
∑
CDL
Bϕ(CDL) ∈ Z[A], where Z[A] is the group ring of A over Z,
and prove that it is an invariant of oriented links.
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x y
y(xy)    xy x y
+ φ(x, y) - φ(x, y)
y(xy)    xy
Figure 3. Rump quasigroup coloring relations at each crossing
Theorem 3.1. Φ(L) is an oriented link invariant.
Before proving the above theorem, let us consider Rump quasigroup colorings for oriented Rei-
demeister moves of type I. We start with the following lemma.
Lemma 3.2. Let X be a finite Rump right quasigroup. Given x ∈ X, there is a unique y ∈ X such
that x(y/x) = y.
Proof. It is clear that y = xx solves the equation. We next prove the uniqueness. With z = y/x we
have y = zx, and the equation becomes xz = zx. By Proposition 1.2 the ∆-map ∆(a, b) = (ab, ba)
is bijective. Note that it maps the diagonal onto itself. Assuming we have a solution, the ∆-map
assigns (x, z) to (xz, zx) which is a diagonal element. Hence x = z and y = xx. 
According to the Rump quasigroup coloring convention and the above lemma, we can color the
type I moves as shown in Figure 4.
↔
↔↔
↔
y
x/y
=
y(x/y)
x
=
x/y
y
=
y
x(y/x)
x
y/x
i.e. x=yy i.e. x=yy
i.e. y=xx
x
x
y(x/y)
x
=
x(y/x)
y
x
y/x
i.e. y=xx
+φ(yy, y)
+φ(xx, x)
-φ(yy, y)
-φ(xx, x)
Figure 4. Weights for Reidemeister Type I moves
Proof of Theorem 3.1. Let ϕ be a 2-cocycle in C2NY B(X;A). Since there is a one-to-one correspon-
dence between Rump quasigroup colorings of the diagrams before and after each Reidemeister
move, it is sufficient to show that the Boltzmann weight remains unchanged under each Reidemeis-
ter move.
The weights assigned to the crossings of Reidemeister moves of type I have a form of ±ϕ(xx, x),
see Figure 4, which is 0 in A because (xx, x), (yy, y) ∈ CD2 (X). Therefore, the Boltzmann weight is
invariant under Reidemeister moves of Type I.
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For a Reidemeister type II move, the weights assigned to the crossings are the same but have
opposite signs, see Figure 5 for example. The Boltzmann weight therefore is unchanged by the type
II move.
↔ ↔y(x/y)
+φ(x, y)
x/y
x y x yx y
x yx y x y
y(x/y) x/y
-φ(x, y)
-φ(y(x/y), x/y)
+φ(y(x/y), x/y)
Figure 5. Weights for Reidemeister Type II moves
Since ϕ is a 2-cocycle, for any (x, y, z) ∈ CNYB3 (X) we have
0 = δ2(ϕ)(x, y, z) = ϕ ◦ ∂
NY B
3 (x, y, z)
= ϕ{(y, z) − (y(x/y), z((x/y)/z)) − (x/y, z) + (x, z(y/z)) + (x/(z(y/z)), y/z) − (x, y)}
which is the difference between the weights for the diagrams before and after a Reidemeister move
of type III, see Figure 6 for instance. In a similar way, one can show that the sum of weights remain
unchanged under other possible type III moves. Therefore, the Boltzmann weight is invariant under
type III moves.
↔y(xy)
x
+φ(x, y) xy
y z x y z
z((xy)/z)
z(yz)
yz
x/(z(yz))
+φ(y, z)
+φ(xy, z) +φ(x, z(yz))
+φ(y(xy), z((xy)/z)) +φ(x/(z(yz)), yz)
Figure 6. Weights for Reidemeister Type III moves

Example 3.3. Let ϕ ∈ Hom(CNYB2 (C4),Z2) be defined by
ϕ(x, y) ≡ xy (mod 2).
Note that ϕ is a 2-cocycle. For each n ∈ N, we let L2(2n−1) be the link which is the closure
of the 2-strands braid σ
2(2n−1)
1 with 2(2n − 1) crossings. Then Φ(L2(2n−1)) = 8(0) + 8(1) while
Φ(LOO) = 16(0), where LOO is the trivial 2 component link. It tells us that L2(2n−1) is a non-
trivial link, which cannot be determined by the coloring invariant by C4.
10
Acknowledgements
J. H. Przytycki was partially supported by the Simons Collaboration Grant-316446 and CCAS
Dean’s Research Chair award. The work of Petr Vojteˇchovsky´ was supported by the PROF
grant of the University of Denver. The work of Seung Yeop Yang was supported by the Na-
tional Research Foundation of Korea(NRF) grant funded by the Korea government(MSIT) (No.
2019R1C1C1007402).
References
[Bos] B. Bosbach, Residuation groupoids and lattices, Studia Sci. Math. Hungar. 13 (1978), no. 3-4, 433-451 (1981).
[BKSV] M. Bonatto, M. Kinyon, D. Stanovsky´, and P. Vojteˇchovsky´, Involutive latin solutions of the Yang-Baxter
equation, Preprint; e-print: arxiv.org/abs/1910.02148
[CES] J. S. Carter, M. Elhamdadi, and M. Saito, Homology theory for the set-theoretic Yang-Baxter equation and
knot invariants from generalizations of quandles, Fund. Math. 184 (2004), 31-54.
[CN] J. Ceniceros, S. Nelson, Virtual Yang-Baxter cocycle invariants, Trans. Amer. Math. Soc. 361 (2009), no. 10,
5263-5283.
[EN] M. Elhamdadi and S. Nelson, N-degeneracy in rack homology and link invariants, Hiroshima Math. J. 42 (2012),
no. 1, 127-142.
[FRS] R. Fenn, C. Rourke, and B. Sanderson, An introduction to species and the rack space, Topics in knot theory,
33-55, NATO Adv. Sci. Inst. Ser. C Math. Phys. Sci., 399, Kluwer Acad. Publ., Dordrecht, 1993.
[IIKKMO] A. Ishii, M. Iwakiri, S. Kamada, J. Kim, S. Matsuzaki, and K. Oshiro, Biquandle (co)homology and
handlebody-links, J. Knot Theory Ramifications 27 (2018), no. 11, 1843011, 33 pp.
[Jon] V. F. R. Jones, Hecke algebra representations of braid groups and link polynomials, Ann. of Math. (2) 126
(1987), no. 2, 335-388.
[KR] L. H. Kauffman and D. Radford, Bi-oriented quantum algebras, and a generalized Alexander polynomial for
virtual links, Diagrammatic morphisms and applications, 113-140, Contemp. Math., 318, Amer. Math. Soc.,
Providence, RI, 2003.
[Leb] V. Lebed, Homologies of algebraic structures via braidings and quantum shuffles, J. Algebra 391 (2013), 152-192.
[LN] R. A. Litherland and S. Nelson, The Betti numbers of some finite racks, J. Pure Appl. Algebra 178 (2003), no.
2, 187-202.
[LV] V. Lebed and L. Vendramin, Homology of left non-degenerate set-theoretic solutions to the Yang-Baxter equation,
Adv. Math. 304 (2017), 1219-1261.
[NP] M. Niebrzydowski and J. H. Przytycki, Homology of dihedral quandles, J. Pure Appl. Algebra 213 (2009), no.
5, 742-755.
[Rum] W. Rump, A decomposition theorem for square-free unitary solutions of the quantum Yang-Baxter equation,
Adv. Math. 193 (2005), no. 1, 40-55.
[Prz] J. H. Przytycki, Knots and distributive homology: from arc colorings to Yang-Baxter homology, New ideas in
low dimensional topology, 413-488, Ser. Knots Everything, 56, World Sci. Publ., Hackensack, NJ, 2015.
[PR] J. H. Przytycki and W. Rosicki, Cocycle invariants of codimension 2 embeddings of manifolds, Knots in Poland
III. Part III, 251-289, Banach Center Publ., 103, Polish Acad. Sci. Inst. Math., Warsaw, 2014.
[PW] J. H. Przytycki and X. Wang, Equivalence of two definitions of set-theoretic Yang-Baxter homology and general
Yang-Baxter homology, J. Knot Theory Ramifications 27 (2018), no. 7, 1841013, 15 pp.
[SV] D. Stanovsky´ and P. Vojteˇchovsky´, Idempotent left nondegenerate solutions of the Yang-Baxter equation and
twisted Ward left quasigroups, Preprint.
[Tra] T. Traczyk, On the structure of BCK-algebras with zx · yx = zy · xy, Math. Japon. 33 (1988), no. 2, 319-324.
[Tur] V. G. Turaev, The Yang-Baxter equation and invariants of links, Invent. Math. 92 (1988), no. 3, 527-553.
E-mail address, Jo´zef H. Przytycki: przytyck@gwu.edu
E-mail address, Petr Vojteˇchovsky´: petr@math.du.edu
E-mail address, Seung Yeop Yang: seungyeop.yang@knu.ac.kr
Department of Mathematics, The George Washington University, Washington, DC 20052, USA and
University of Gdan´sk, Poland
Department of Mathematics, University of Denver, 2390 S York St, Denver, Colorado, 80208, USA
Department of Mathematics, Kyungpook National University, Daegu, 41566, Republic of Korea
11
